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Abstract  

I n  cova r i an t  f i e l d  t h e o r i e s  such as gene ra l  

r e l a t i v i t y  the  a p p l i c a t i o n  of Noether ' s  theorem r e s u l t s  

i n  a s e t  of i d e n t i t i e s  which a r e  s a t i s f i e d  r ega rd le s s  of 

whether t h e  f i e l d  equat ions are s a t i s f i e d  o r  no t  (so- 

c a l l e d  s t rong  conserva t ion  l a w ) .  In  the  convent ional  

formulat ion these  i d e n t i t i e s  con ta in  non- t enso r i a l  quant i -  

t i es  and non- t enso r i a l  opera t ions .  Thus, f o r  example, 

t he  energy-momentum-pseudo-tensor of gene ra l  r e l a t i v i t y  

is  obtained from such formulat ions.  I n  t h i s  paper t he  

i d e n t i t i e s  a r i s i n g  from N o e t h e r  ' s  theorem a r e  w r i t t e n  

i n  an obviously cova r i an t  form conta in ing  only t enso r s  and 

cova r i an t  d e r i v a t i v e s .  A s  an example w e  g ive  these  iden- 

t i t i e s  f o r  gene ra l  r e l a t i v i t y .  

I .  In t roduc t ion  
1 

Consider a f i e l d  Jr whose f i e l d  equat ions  may be der ived  from the  A 

p r i n c i p l e  of s t a t i o n a r y  a c t i o n .  I f  1: is the  Lagrangian dens i ty  f o r  the  

f i e l d  JrA then the  a c t i o n  I i s  def ined by 

a where R(x ) i s  the  i n t e g r a t i o n  region and Jr denotes  t h e  d e r i v a t i v e  of 

JrA w i t h  r e spec t  t o  x . 
A , r  

r 1: can always be w r i t t e n  i n  the  form 

where L is  a s c a l a r  func t ion .  I n  order t o  in t roduce  our n o t a t i o n  w e  s h a l l  

c o n s i d e r  t h e  v a r i a t i o n  of I i n  d e t a i l .  
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Perform t h e  v a r i a t i o n s  

a a a a a 
R(x ) -, R(x + ku ) = R' (x  ) , Sx' = ku 

R where k i s  an i n f i n i t e s i m a l  parameter,  u (x)  is an a r b i t r a r y  vec to r  f i e l d  

and v i s  an a r b i t r a r y  t enso r  f i e l d .  

d i f f e r e n t i a l  of 6,. The v a r i a t i o n  of t h e  1 , i m i t s  of i n t e g r a t i o n  is  def ined  

by t h e  t h i r d  equat ion  i n  0 . 3 ) .  Under these  v a r i a t i o n s  the  a c t i o n  becomes a 

f u n c t i o n  of k ,  expanding about k = 0 and i n t e g r a t i n g  by p a r t s  y i e l d s  t h e  

- 
The v a r i a t i o n  6 q A  i s  the  L i e  

A 

v a r i e d  a c t i o n  S I  

where 

(1.5) 

For  a l l  t h e  fol lowing a n a l y s i s  we s p e c i a l i z e  the  v a r i a t i o n s  t o  i n f i n i t e s i -  

m a l  coord ina te  t ransformat ions  e Following Bergmann2 the  f i e l d  v a r i a t i o n  
- 

can  be w r i t t e n  
SJIA 

Since  FqA is the  L i e  differential  of a t enso r  the  ord inary  d e r i v a t i v e s  on 

t h e  r i g h t  hand s i d e  of (1 .6)  can be replaced by cova r i an t  d e r i v a t i v e s  

(which w i l l  be denoted by a semicolon) 
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From (1.6)  and (1.7)  fo l lows  

- - 
' A ; r  'A,, -t 'i: rrSp  'B 

S where r is t h e  C h r i s t o f f e l  symbol cons t ruc ted  from the  me t r i c  t e n s o r  

go,- . Equation (1 .8)  holds  f o r  a l l  t ensors  inc luding  g f o r  which 
r P  

Rk 

There are  some r e s u l t s  i n  t h i s  paper which 

0 .  

are n o t  v a l i d  f o r  the  g Rk 
f i e l d  because of (1 .9) .  When a formula con ta ins  Jr t h i s  formula may 

n o t  ho ld  f o r  t h e  met r ic  f i e l d  g A k  . 
e i t h e r  be e x p l i c i t l y  pointed ou t  o r  obvious from the  contex t .  For  v a r i a -  

t i o n s  which vanish  on the  boundary we can use Gauss 's  l a w  and (1.4) t o  

deduce Lagrange 's  equat ions  

A ;  r 

When these  cases  a r i s e  they w i l l  

L A = O  * (1.10) 

I n  o r d e r  t o  de r ive  t h e  i d e n t i t i e s  implied by Noether 's  theorem, however, 

w e  assume the  f i e l d  equat ions  a r e  not  s a t i s f i e d .  
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11. Conventional Formulation 

I n  o rde r  t o  de r ive  Noether 's  i d e n t i t i e s  i n  the  convent ional  f o r -  

m a l i s m  one uses  (1.6)  and (1 .4)  and obta ins  

R 

I: I LUSS ' s  iw i s  used i n  (2 .1)  and v a r i a t i o n s  which vanish  on the  boundary 

are considered,  one ob ta ins  the  i d e n t i t i e s  

which are c a l l e d  t h e  Bianchi  i d e n t i t i e s  by Bergmann.2 

i d e n t i t i e s  i n  (2 .1 )  one ob ta ins  

Using the  Bianchi  

S A t  any po in t  6x , 6xs 

must van i sh  s e p a r a t e l y .  One must use the  symmetry proper ty  

and 6xs 
, r  , r , a  are independent and t h e i r  c o e f f i c i e n t s  

S befo re  s e t t i n g  the  c o e f f i c i e n t s  of 6x equal  t o  zero.  Define 
, r , a  



- C X ,  
ts 'A, s S 

r al: = -  

5 

(2.4a)  

(2.4b) 

( 2 . 4 ~ )  

r where t 

momentum complex and b w i l l  be c a l l e d  the  sp in  complex. 

means t h a t  these  q u a n t i t i e s  a r e  only  tensor  d e n s i t i e s  under l i n e a r  transforma- 

t i o n s .  For example i n  s p e c i a l  r e l a t i v i t y  t r is c a l l e d  the  canonica l  momentum 

"tensor"  while  i n  genera l  r e l a t i v i t y  t r is  the  energy momentum pseudo-tensor.  

I n  t e r m s  of these  non- tensor  i a l  q u a n t i t i e s  , t he  va r i ed  a c t  ion becomes 

w i l l  be c a l l e d  the  canonica l  momentum complex, Tr w i l l  be c a l l e d  the  
S S 

The term complex 
S 

S 

S 

. r  ) 6 X S  6 1  = s  [ -  Tr 6xs - (Ts r - b r A  
s , r  s ,a 

R 

+ bsra 6xs ] d4x = 0 . 
, r ,Jt  

The i d e n t i t i e s  which fol low a r e  (Noe the r ' s  theorem 3 ) 

Tr = 0 
s 7r 

b " + bsar = 0 . 
S 

(2 .5a)  

(2.5b) 

( 2 . 5 ~ )  

(2.5d) 
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111. Covariant  Formulation 

I n  t h i s  s e c t i o n  we s h a l l  rewrite equat ions  ( 2 . 5 )  so  t h a t  only 

t enso r s  and t e n s o r i a l  opera t ions  (covar ian t  d i f f e r e n t i a t i o n )  appear ,  To do 

t h i s  w e  use (1.8) and w r i t e  1: i n  terms of Jr i n s t ead  of Jr 
A ; r  A , r  

Of course  t h i s  s u b s t i t u t i o n  cannot be made f o r  t h e  g r a v i t a t i o n a l  f i e l d  g 

because g s a t i s f i e s  ( 1 . 9 ) .  The same type of r e l a t i o n  a s  ( 1 . 2 )  connects  

Rk 

Rk 
L c  wi th  Lc 

L C = & L c .  

The v a r i a t i o n  of the a c t i o n  a s soc ia t ed  wi th  X C  leads  t o  

Lagrange 's  equat ions a r e  

L A = O .  
C 

( 3 . 5 )  

One can  e a s i l y  prove the  fo l lowing  r e l a t i o n  

and, therefor .e ,  t he  two forms of Lagrange's equat ions  a r e  equ iva len t .  Using 

( 1 . 7 )  i n  ( 3 . 3 )  one ob ta ins  
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A = o .  A B r  
(Lc FAs  ' B ) ; r  + Lc 'A;s  

61 = J [ - ((L%BrQ c A s  B ; r  + Lt $ A ; s )  6 X S  

R 

+ ( L t  FBR S aLc B r  S Jt 6x + -  a t A ; r F ~ s  Q B  6x ; r  A s  B 

6xS + Lc 6x ] Ji d4x = 0 . (3.7) 
a LC - -  

'A;s  

From (3.7) one de r ives  the  cova r i an t  Noether i d e n t i t i e s  i n  the  same way as the  

non-covariant  i d e n t i t i e s  ( 2 . 5 )  were der ived.  

can deduce the  Bianchi  i d e n t i t i e s  

Using Gauss 's  l a w  and (3.7)  w e  

Using the  Bianchi  i d e n t i t i e s  in(3.7)  one ob ta ins  

where 

u R = -  a LC a 
I: aQA;R q A ; r  - 'r Lc 

S i  = Ua A BR 
r 1: - Lc F A r  'B 

, r r I n  (3 .9)  t he  c o e f f i c i e n t s  of 6xr ,  6x and 1/2(6xr  + 6x ;k ;a>  must ;R ;A ;k  
van i sh  s e p a r a t e l y .  This  leads t o  t h e  fo l lowing  s e t  of i d e n t i t i e s  

A = o ,  CLt Fii ' B ) ; r  + Lc 'A;s  

( 3 . 9 )  

( 3 .  loa) 

( 3 .  lob) 

( 3 . 1 0 ~ )  

(3.  l l a )  

( 3 .  l l b )  



= o ,  R Rk 
'r - Br ;k  
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( 3 . 1 1 ~ )  

where R' is the  Riemann t enso r  which e n t e r s  by way of the  R i c c i  i d e n t i t y  
rs P 

(3.12) 

U' and BRk a r e  the  tensors  which rep lace  8 t R and brakof (2 .5) .  The 
r '  r 

A 
'r' r r 

i d e n t i t i e s  (3 .11)  along wi th  the  f i e l d  equat ions L 

cova r i an t  f i e l d  theory.  A l l  the  q u a n t i t i e s  appearing i n  (3.11) a r e  t enso r s  

= 0 rep resen t  a completely 
C 

and only cova r i an t  d e r i v a t i v e s  appear .  

The ex i s t ence  of the  completely cova r i an t  i d e n t i t i e s  (3.8) is not  

- due t o  t h e  f a c t  t h a t  $A;r was used i n  the  Lagrangian dens i ty  in s t ead  of 

but  t o  the  way the  terms were co l l ec t ed  toge ther  i n  (3 .9) .  I n  (3.9) 'A, r  
r we have used cova r i an t  d e r i v a t i v e s  6 x  

v e n t i o n a l  formulat ion 6x and 6xr were used. Even the  theory of 

and 6xr ;a ;R;k 
whereas i n  the  con- 

r 
,R YR 'k 

g r a v i t a t i o n  f o r  which 

can be w r i t t e n  i n  a completely covar ian t  form. 

The two sets of i d e n t i t i e s  (2 .5)  and (3.11) must  be equiva len t  

because they a r i s e  from the  same v a r i a t i o n a l  p r i n c i p l e .  This equivalence 

may be v e r i f i e d  d i r e c t l y  by w r i t i n g  o u t  (3.11) i n  terms of ord inary  q u a n t i t i e s  

and ope ra t ions  and not ing  t h a t  (2 .5)  fol lows.  
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I V .  Covariant Formulation of General R e l a t i v i t y  

I n  t h i s  s e c t i o n  we wr i t e  the  i d e n t i t i e s  corresponding t o  ( 3 . 8 )  f o r  

the  Lagrangian of genera l  r e l a t i v i t y .  Writing t h i s  Lagrangian i n  the  form 

C Lc = Sc(gAklgAk, r lgAkyrys  I$ A \ $  A ; r  = C 1 & R + L M  (4.1) 

4 
C where c 

t i o n a l  cons t an t .  

f i e l d  g and LM = ,& is  the  Lagrangian f o r  t he  source f i e l d s  Jr We 

s h a l l  assume t h a t  second d e r i v a t i v e s  of t he  met r ic  tensor  occur only i n  R 

s i n c e  t h i s  is  the  case f o r  a l l  p r a c t i c a l  s i t u a t i o n s .  

= - , - c i s  the  speed of l i g h t  and G is the  Newtonian g r a v i t a -  1 Ib r rG 

I n  (4 .1)  R is the usual  Lagrangian f o r  the  g r a v i t a t i o n a l  

Rk A ’  

Define 

where 

and 

E r  = Ekr . cs gsk c 

(4.2a) 

(4.2b) 

( 4 . 2 ~ )  

(4.5) 

One now proceeds i n  e x a c t l y  the  same way a s  when de r iv ing  (3.11) and f i n d s  

t h e  fo l lowing  i d e n t i t i e s  f o r  genera l  r e l a t i v i t y  



A B r  A +CL EEs );k = o  .J-s CLc FAs ' B ) ; r  -k Lc 'A;s 

- 1/2 R:kr (Bkr + Ckrn ) - 1/3 (Rp s r k ; n  P ;n 
Sr 

P 

knr 

s ; r  

+ Rsnk; r )  P 'p = o  

- 1/2  Rfd C p  r d  - 1/2 R i n a  Cs  kn.4 

- 1/2 R:nk C knr - 1/2 Rp Cknr 

;k  
Sr - B f r  
S 

P snk p 

+ 1/6  R;nk C s  knP + 1/6  R i p k  Cs  knp = 0 , 

Bkr + Brk + Ckrn + crkn = 0 , 
S ;n ;n S 

- 0 .  knr + Ckrn + c;kr 
S S 

C 

Equat ions (4.6) a long wi th  the  f i e l d  equat ions 

rs Ec = 0 

A 5 = o  

10 

(4 .6a)  

(4.6b) 

( 4 . 6 ~ )  

(4.6d) 

(4 .6e)  

(4 .7)  

r e p r e s e n t s  a completely cova r i an t  theory of g r a v i t a t i o n .  

appear ing  i n  (4 .6)  and (4.7)  a r e  tensors  and a l l  d e r i v a t i v e s  are cova r i an t .  

I n  o rde r  t o  reduce B k r  t o t h e  form (4.2b) one must use the  fol lowing i n t e r e s -  

t ing i d e n t i t y  

A l l  q u a n t i t i e s  

S 
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i n  t h e  express ion  

(4.9)  
c Bk a L  

C 
dc 

pn dgpk,n,r  + rA pn dgkp,n,r  )fK;r F A s  'I3 
% + ra 

which appears i n  the  va r i ed  a c t i o n  a s soc ia t ed  wi th  (4 .1) .  

We s h a l l  delay the  i n t e r p r e t a t i o n  of the  var ious  terms i n  (4 .6)  

u n t i l  a l a t e r  pub l i ca t ion .  
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